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Abstract 

The analysis of this article is entirely within classical physics. Any attempt to describe na- 
ture within classical physics requires the presence of Lorentz-invariant classical electromagnetic 
zero-point radiation so as to account for the Casimir forces between parallel conducting plates 



c/3 

^ ■ at low temperatures. Furthermore, conformal symmetry carries solutions of Maxwell's equations 

O , into solutions. In an inertial frame, conformal symmetry leaves zero-point radiation invariant 

O \ and does not connect it to non-zero-temperature; time-dilating conformal transformations carry 

^->' the Lorentz-invariant zero-point radiation spectrum into zero-point radiation and carry the ther^ 

^ Ph ' mal radiation spectrum at non-zero temperature into thermal radiation at a different non-zero- 
temperature. However, in a non-inertial frame, a time-dilating conformal transformation carries 

> 

\^ ' classical zero-point radiation into thermal radiation at a finite non-zero-temperature. By taking 

■^ ' the no-acceleration limit, one can obtain the Planck radiation spectrum for blackbody radiation in 

cn 

p-^ , an inertial frame from the thermal radiation spectrum in an accelerating frame. Here this connec- 



tion between zero-point radiation and thermal radiation is illustrated for a scalar radiation field 
in a Rindler frame undergoing relativistic uniform proper acceleration through fiat spacetime in 



^ ■ two spacetime dimensions. The analysis indicates that the Planck radiation spectrum for thermal 

5t , radiation follows from zero-point radiation and the structure of relativistic spacetime in classical 

physics. 



I. INTRODUCTION 

Although the universal spectrum of blackbody radiation has historically been connected 
with statistical mechanics and quantum theory, the present article makes the connection with 
zero-point radiation and the structure of relativistic spacetime. It is suggested that classical 
thermal radiation in a general static coordinate system is the one-parameter stationary 
spectrum of isotropic random classical radiation obtained from the scale-invariant spectrum 
of zero-point radiation by the time-dilating conformal transformation which preserves the 
wave equation and carries radiation normal modes into normal modes. [lj|2| Although it is 
suggested that this definition of thermal radiation can be extended to a general spacetime, 
it is illustrated here only for a scalar radiation field in flat spacetime in two spacetime 
dimensions. It is pointed out that an inertial frame is such a specialized coordinate frame 
that a time-dilating conformal transformation is identical with a space-dilating conformal 
transformation, and that zero-point radiation in an inertial frame remains invariant under 
all conformal transformations and so does not allow us to obtain the blackbody spectrum at 
non-zero temperature from the Lorentz-invariant zero-point radiation spectrum. However, 
the thermal radiation spectrum in an inertial frame can be obtained by going to a relativistic 
accelerating frame (a Rindler frame), applying a time-dilating conformal transformation to 
zero-point radiation in that coordinate frame, and then carrying the spectrum back to an 
inertial frame by taking the no- acceleration limit. Work related to the present article has 
been published in the Physical Review D[lJ and in the American Journal of PhysicsJ2l]; 
however, in these articles, the connection with the conformal group is absent. 

The work described here is completely at variance with the suggestions of the physicists in 
the early 20th century that classical physics leads inevitably to the Rayleigh- Jeans spectrum 
as the spectrum of blackbody radiation. [3] The physicists of that period were aware neither 
of classical zero-point radiation nor of the importance of relativity and so used nonrelativistic 
statistical mechanics or scattering of radiation by nonrelativistic nonlinear systems when 
determining the spectrum of thermal equilibrium. In the present article, we are replacing 
these nonrelativistic calculations by symmetry considerations in relativistic spacetime. In 
line with the suggestions here regarding the importance of relativistic physics for radiation 
equilibrium, it has been shown that the zero-point radiation spectrum is invariant under 
scattering by the relativistic scattering system of a relativistic charged particle in a Coulomb 



potential. [4] This result is again in complete contrast with the scattering results involving 
nonrelativistic nonlinear mechanical systems. |5| 

II. PRELIMINARIES 

A. Conformal Symmetry and Fundamental Constants 

Electromagnetic theory is invariant not only under Lorentz transformations but also 



Is 



under the still larger group of conformal transformations. [6| The conformal transformations 
in an inertial frame include both the scale-changing dilatations (which will be used in the 
present article), as well as the special conformal transformations which correspond to local 
changes of the spacetime scale. 7|] Sometimes the dilatations of the conformal group have 
been referred to as a^fz-i-scale changes|8| to emphasize that these changes transform length 
and time with the same multiplicative constant while transforming the energy with the 
inverse of the multiplicative constant. Thus in an inertial frame, if under a dilatation the 
length I is mapped to I = al where a is a positive real number, then the time is mapped 
as t — )■ t = at, and the energy U mapped as f/ — )■ f/ = U/cr. Thus the dilatations of 
the conformal group preserve the values of the fundamental constant c (the speed of light 
in vacuum, involving length divided by time), the constant as/kj^ (Stefan's constant of 
blackbody radiation divided by Boltzmann's constant to the fourth power, involving the 
inverse third power of energy times length), and the constant e (the charge of the electron, 
involving the square- root of energy times length). 

B. Metrics 

In this article, we will discuss not electromagnetic radiation but rather the analogue 
system of relativistic scalar radiation in two spacetime dimensions in flat spacetime. In an 
inertial frame, the coordinates x° = ct, x^ = x can be chosen as geodesic coordinates and 
the spacetime metric ds"^ = g^^dx^dx^ takes the Minkowski form 

ds^ = dx^dx^ - dx^dx^ = c^df - dx^ (1) 

Thus in an inertial frame, the time coordinate t is connected to the interval length by the 
universal constant c. 



A Rindler coordinate frame [9| in flat spacetime involves time-constant proper acceleration 
at each point of the static coordinate frame. We can pass from an inertial frame to a Rindler 
frame by relating the time and space coordinates ct, x in an inertial frame to t], ^ in the 
Rindler frame as 

ct = x^ = C, sinh T] (2) 

X = x^ = ^ cosh r] (3) 

The metric is then given by 



2 J„2 



ds' = c'dt' - dx' = i'dr]' - di 



(4) 



In this metric involving r] and ^, the constant c no longer appears explicitly and the time 
parameter tj does not carry any units. 

C. Scalar Radiation Field 



In an inertial frame, the Lagrangian for a massless relativistic real scalar field is given 



by 



C=—d. 
Stt ^ 



in 



dct 



dx 



(5) 



From the Lagrangian ([5]), it follows that the wave equation (9^[9£/(9(5^</))] — dC/dcf) = for 
the field is 



d^ 



d^ 



~ d{cty dx^ ^ ' 

while the stress-energy- momentum tensor is T^'^ = [dC/d{dfj,(f))]d'^(j) ^ 9^"^^ so that the 
energy density is 



u = r 



00 



and the momentum density is 



Stt 



1 
'^ \dt 



+ 



dx 



-T-Ui -^ ^-r ^y 



(7) 



(8) 



An dct dx 

In n spacetime dimensions, the energy density corresponding to Eq. ([Tj) would have the 
dimensions of energy /{length"^'^). Therefore the square of the field 0^ has dimensions of 
energy /{length"'~^). We will consider a scalar field in two spacetime dimensions n = 2 where 
energy can be measured in units of inverse length and the square of the field 0^ involves 
energy times length and so can be treated as dimensionless. 



By introducing the coordinate transformations of Eqs. ([2]) and ([3]) into the wave equation 
([6]) together with the assumption of scalar behavior (f){ct, x) = (p{i], ^) for the relativistic ra- 
diation field in two spacetime dimensions, we can obtain the wave equation for the radiation 



field ip{ri,^) in the Rindler frame as|2| 



a 






D. Normal Modes 



The normal modes of the scalar field 0^ are solutions of the wave equation with harmonic 
time dependence 

0fc(ct,x) = Re(f)(k)(yX)exp[—i\k\ct] (10) 

In an inertial frame, the normal modes of Eq. ([6]) are solutions of the scalar Helmholtz 
equation 



<9 0(fe) 



+ A;'0(fc) = (11) 



which can be chosen as (j)(^k){x) = exp[ikx], so that the general normal mode involves running 
wave solutions 

(f){ct, x) = Reexp[ikx — i\k\ct] (12) 

where k can be positive or negative.. 

In the Rindler frame, the normal modes iff^ of the wave equation will not take the simple 
running wave form of Eq. ( TT2l) . The spatial dependence is more complicated and must 

satisfy 

with solution f(K){0 = ^^*'^ = exp[±mln^] , so that in the Rindler frame the general normal 
mode in two spacetime dimensions is 

V^kI^^O = R'6exp[mln^ — zIkI?]] (14) 

where the parameter k can be positive or negative corresponding to waves moving in either 
the positive or negative direction. 



E. Time-Dilating Conformal Transformations 

When discussing thermal radiation, we will be interested in time-dilating conformal trans- 
formations which carry radiation normal modes into normal modes. Now conformal trans- 
formations of the metric |10[| involve those mappings x^ ^ x^ = h^^x"^) which transform the 
metric in the form 

g,,{x")=n\x(')g,.(x^) (15) 

These transformations leave the wave equation invariant for a tensor field. However, we are 
not interested in conformal transformations of the metric or a change in coordinate system. 
Rather we will want to maintain the coordinate system and the metric while making an 
active transformation to a new radiation field in the original coordinate system. 

A time-dilating conformal transformation takes the time coordinate into a multiple a 
of itself, and requires that the transformation of the spatial coordinates are such that the 
wave equation remains invariant and the metric transforms as in Eq. (TTSl) . In an inertial 
frame in two spacetime dimensions, a time-dilating conformal transformation is simply a 
uniform dilatation of both the time and space coordinates, t ^ t = at, x —)■ x = ax, 
while the radiation field transforms as a scalar field under the coordinate transformation 
(/)(ct, x) = (f){ct, x) . This transformation carries the wave equation into itself 

c^ df dx^ a^\c^dt^ dxy ^ ^ 

and carries plane waves of frequency c\k\ into plane waves of frequency c\k\/a as 

0(ct, x) = 4>{ct, x) 

= 4>{ct/a, x/a) 



' k_ ,A;,J 
i—x — i\ — \ct 
a a 



(17) 



= Reexp 
This uniform dilation corresponds to a conformal transformation in an inertial frame since 

ds'^ = c'^dt^ - dx'^ = a'^ic^dt'^ - dx"^] (18) 



However, we note that the new radiation function (j) in Eq. fITTI) can be regarded as a 
function of the old time and space coordinates (j){ct,x) = Reexp[i{k/a)x — i{\k\/a)ct) giving 
a new radiation field in the old coordinate system. We are interested in time-dilating 



conformal changes in this sense of mapping normal modes into new normal modes without 
any change in the coordinate system. Thus the time-dilating conformal transformation 
can be regarded as mapping the normal mode at frequency c\k\ into the normal mode at 
frequency c\ak\ according to 

(j)k{ct,x) -^ (f)ak{ct,x) = (f)k{cat,crx) = Reexp[zcrA;x — i\ak\ct] (19) 

If the positive dilatation constant a is chosen larger than 1, a > 1, then the energy density 
of the transformed normal mode (f)crk{ct,x) will be larger than the energy density of the 
original normal mode (j)k{ct,x). 

We emphasize that the coordinate transformation from an inertial frame to a Rindler 
frame is not conformal, and the wave equation ([2]) in a Rindler frame is not the same as the 
wave equation ([6]) in an inertial frame. 

It is clear that in an inertial frame, a space-dilating conformal transformation coincides 
with a time-dilating conformal transformation; both correspond to uniform dilations of all 
coordinates, and provide a cr;ic/-i-scale transformation. However, in a general coordinate 
frame, a time-dilating conformal transformation is different from a space-dilating conformal 
transformation. Thus for a Rindler frame in two spacetime dimensions, a space-dilating 
conformal transformation involves the transformation 

v^v = v, C^C = (^C, f^^{v,0 = fiv,0, (20) 

giving the metric form 

ds^ = c^de - dx^ = ^''drf - d^^ = a-\fdlf - df) (21) 

Under the space-dilating conformal transformation (1201) . we find the wave equation trans- 
forms as 

1 9^^ d"^^ I dip 1 ff^if d^ip 1 dip 

^iri^-^-l^Uo (22) 

giving the mapping of normal modes as 

= Reexp[mln(^/cr) — i\K\fi] 

= Keexp [iKln^ — i\K\fi — iKlna~\ (23) 



which is merely a change in the phase of the normal mode. 

On the other hand, a time-dilating conformal transformation corresponds to 

7]^V = (^V, ^^? = r, f^'fiv,0 = f{v,0, (24) 

giving the metric form 

rfs2 ^ ^2^^2 _ ^^2 ^ ^2^^2 _ ^^2 ^ (^(V-D /^)2(^2^-2 _ ^^2^ (25) 

Under a time-dilating conformal transformation fl24|) . we find the wave equation transforms 



as 



1 d'^if d'^ip Idif 1 d'^ip d'^ip 1 dip 



fdff Qf Idl i^ydr]^ 9(e)2 (e)5(e 

1 /I d'^p d'^p 1 dp 



ff2^2a-2 ^^2 Q^2 Q^2 ^ Q^ 

giving the mapping of normal modes p ^ Ip a.s 

= Reexp[mln(^ '^) — i\K\Ti/a] 



--^ =0 (26) 



Reexp 



2-ln^-i|-|r/ (27) 



0" 0" 



which corresponds to a change in the "frequency" of the normal mode in the Rindler frame. 
Again, we are interested in time-dilating conformal transformations only in the sense of 
carrying normal mode solutions into normal mode solutions. Thus the radiation field Tp 
in Eq. fl271) can be regarded as a new radiation field in the original coordinates 'pij]^ ^) = 
Reexp[i(/i:/o") In^ — z |k/(7| r^] in the original coordinate frame. We will treat a time-dilating 
conformal transformation in a Rindler frame as the mapping of a Rindler normal mode 
Pk{VjO i^to ^ ^^6"^ normal mode Paniv^O i^ ^^^ same coordinate frame according to 

^Kiv,0 -^^aniv^O =^Ki(^V,0 = ReewHcrk)^ - i\aK\r]] (28) 

If the positive constant a exceeds 1, cr > 1, then the energy density of the transformed 
normal mode pa^iv^ is larger than the energy density of the initial normal mode Pk{Vj 0- 



III. ZERO-POINT RADIATION 

A. Casimir Forces and Classical Zero-Point Radiation 

Experimental measurements of Casimir forces between conductors can be described the- 



oretically in terms of forces due to random classical radiation. Experiment shows 



12| that 



there are forces between uncharged conductors which can be accounted for by assu ming 



the presence of random classical electromagnetic radiation even at zero temperature. 13| 



The spectrum of this zero-point radiation is uniquely determined by the assumption that 
the spectrum of random classical radiation is Lorentz invariant |l4| in an inertial frame or, 
alternatively, is aim-i-scale invariant. [15| The spectrum determined in this fashion leads 
to theoretically-predicted forces in agreement with the experimentally-measured separation- 
dependence of the Casimir forces, and the one unknown scale factor in the classical zero-point 
radiation spectrum is chosen to fit the magnitude of the experimental measurements. It is 
natural to expect that thermal radiation at non-zero temperature T > fits smoothly with 
the zero-point radiation at T = 0. We will make this smooth transition under time-dilating 
conformal transformations the basis for obtaining the thermal radiation spectrum within 
classical physics. 

B. Zero-Point Radiation in a General Spacetime 

It is a familiar idea that relativistic radiation contain no intrinsic lengths, times, or 
energies, and so can be introduced into a general spacetime. Classical zero-point radiation 
is random classical radiation which has a scale-invariant spectrum. Since the radiation 
includes no intrinsic lengths and the zero-point radiation spectrum also involves no intrinsic 
lengths, the two-field correlation function for zero-point radiation at spacetime points P and 
Q must involve only the distance along the geodesic curve connecting P and Q, with a scale 
factor to be determined by experiment. The scale factor is used to fit the experimentally- 
observed Casimir forces between conductors which can be calculated within classical physics 
based upon the classical electromagnetic zero-point radiation spectrum. Within an inertial 
frame with its geodesic coordinates, the spacetime separation squared between the spacetime 
points P and Q is given by s%q = c^(tp — tg)^ — (rp — tqY, and the dimensionality of the 
fields will determine the zero-point correlation function up to a multiplicative constant. 



Below we illustrate these ideas for a scalar field in two spacetime dimensions. 

C. Zero- Point Radiation in an Inertial Frame 

At this point, we obtain the forms taken by zero-point radiation in an inertial frame and in 
a Rindler frame before we consider the transition to thermal radiation. Zero-point radiation, 
and indeed thermal radiation at any temperature, involves random radiation whose character 
does not change in time. In any coordinate frame in which random radiation is a stationary 
distribution, the radiation field can be expressed in terms of a sum over the normal modes 



with random phases between the normal modes. 16j In an inertial frame in two spacetime 
dimensions, the correlation function for time-stationary random radiation can be evaluated 
using plane wave normal modes with random phases and requiring Lorentz invariance or 
scale invariance. Thus a periodic normal mode 0fc(ct,x) of the scalar radiation field in a 
box of length / for k = 2mi /I (positive or negative) can be written from Eqs. flT^ and ([7]) 
as 

0fc(ct,x)= ( ^'^^^\^\A ^cos[A;x-|A;|ct + ^(A;)] (29) 

where t/(|fc|) is the energy of the normal mode of angular frequency u = c\k\, and where d{k) 
is a random phase which is distributed uniformly on the interval [0, 27r) and is distributed 
independently for each vector k. In the infinite-length limit, the random radiation field for 
isotropic radiation can then be written as 

0(ct,x) = 2/ dk -^cos[A;x-|A;|ct + ^(A;)] (30) 

J-oo \k\ 

When averaged over the random phases 9{k), we findjl7| 

< cos e{k) cos e{k') >=< sin 9{k) sin 9{k') >= h{k - k') (31) 

and 

<sin^(fc)cos^(A;') >=0 (32) 



It fo: 
form 



lows that the two-field correlation function for isotropic random radiation takes the 

a 



<(f){ct,x)(j){ct',x')>=2 [ dk^^^^ cos[k{x - x') - \k\c{t - t')] (33) 

J-oo k 

If we assume that the two-field correlation function is for zero-point radiation (po, and so is 
CTitfz-i-scale invariant under the dilation transformation in two spacetime dimensions in an 
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inertial frame where the square of the field 0^ must transform as an invariant scalar field, 
then we require 

< 4>o{cat, ax)(f)o{cat' , ax') >=< (f)o{ct,x),4>o{ct',x') > (34) 

In terms of the spectrum ?7(|fc|) appearing in Eq. (1301) . the scale-invariance requirement is 
that 

< </)o(ccrt, crx)0o(co"t', era;') > 

= 2 fdk^^^ cos[ka{x - x') - \k\ca{t - t')] 

= 2 adk ^ , ,,j^ cos[A;a(x - x') - \k\ca{t - t')] 
J [aky 

= 2 L^l^^^l^^ cos[fc(x - x') - \k\c{t - t')] (35) 

should agree with < (pQ{ct^ x)(po{cf , x^) > as in Eq. (15^ . This requirement means that 

aU{\k\/a) = Ui\k\) (36) 

for all k, which corresponds to t/(|/i;|) being linear in |A;|, 

[/(|A;|) = const X |A;|. (37) 

where const is the multiplicative constant setting the scale of classical electromagnetic zero- 

n 

point radiation. This spectrum is also Lorentz invariant [2|] so that zero-point radiation 
takes the same spectral form in all inertial frames. 

Having now found the spectrum fl37|l for zero-point radiation in two spacetime dimensions, 
we would like to evaluate the two-field correlation function ( 133|) for zero-point radiation in 
closed form. However, the correlation function is diver gen t at small values of k. In order to 
avoid this divergence, we will follow Davies and Fulling 181 and will consider the derivatives 

n 

of the correlation function which take the form[2[ 

< 4)o{ct,x)dct'Mct',x') >=2 dk {^jn-j {-\k\) sm[{k{x - x') - |A;|c(t-t')] 

-4c(t -t') 
= constx — ^ — — ^ (38) 



and 



< 0o(ct,x)9^.0o(ct',x') >=2 dk (^T^j (k) sm[{k{x - x') - \k\c{t-t')] 

Hx - x') ,„^, 

= constx ^^ -/ (39) 
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Here the integrals involve a singular Fourier sine transform which is evaluated using a tem- 
porary cut-off at high frequency. |2| 

D. Zero-Point Radiation in a Rindler Frame 

Now we wish to consider zero-point radiation in a Rindler frame. Since the relativistic 
scalar field is a scalar under coordinate transformations, taking the same value at the same 
spatial point, if{ri, ^) = 0(ct, x) = 0(^ sinh rj, ^ cosh 77), we can obtain the two-field correlation 
function for the scalar field simply by carrying out a coordinate transformation 

Oct' Ox' 

=< (f)o{ct,x)Oct'(f)o{ct',x') > -0-7+ < 0o(ct,x)9^./0o(ct',a;') > — 

—4c(t — t') 4:(x — x') 

= '''''' " ix-xr-c^it-f/ '''''''^' + '''''' " ix-xr-c^it-f/ ''''''^' 
4^'(^ sinh t] — C,' sinh 77') cosh rj' — 4^'(^ cosh rj — ^' cosh 77') sinh 77' 
[(^ sinh f] — C,' sinh rj'y — (^ cosh t] — C,' cosh rj'y] 
4^^'sinh(77 — 77') ,^ . 

and 



Oct dx 

=< (t)o{ct,x)Oct'4>o{ct',x') > —+ < 4>o{ct,x)0^'4>o{ct',x') > — 

-4c(t-t') , , 4(x-x') , , 

= const X — — -- smhT/ + const x — — -- cosh 77 

[X — X )^ — c^{t — ty [x — X Y — &{t — t'Y 

4(^ sinh f] — C,' sinh 7/') sinh 77' — 4(^ cosh t] — C,' cosh rj') cosh t]' 



[(^ sinh rj — ^' sinh 7/')^ — (^ cosh rj — ^' cosh rj'] 



2 



= const X 4[e--ecosh(7,-7,0] 

We notice immediately that this correlation function is time stationary since it depends only 
upon the time difference rj — rj' and not on the individual times r] and 7/'. Indeed we expect 
that zero-point radiation is the only spectrum of random radiation which is time stationary 
in both all inertial frames and in all Rindler frames. 



12 



IV. THERMAL RADIATION 

A. Thermal Radiation at T > is Coordinate-Frame Dependent 

Although the correlation function for classical zero-point radiation can be specified in 
a coordinate-free manner as involving the separation along a geodesic curve between the 
spacetime points where the fields are evaluated, thermal radiation at non-zero temperature 
T > requires a specific coordinate frame. Thus although zero-point radiation is Lorentz- 
invariant in an inertial frame, thermal radiation at T > involves a finite (not divergent) 
density of additional energy above the divergent zero-point spectrum, and so is associated 
with a unique coordinate frame, namely the frame in which the random radiation is time- 
stationary and in which radiation is isotropic at every spatial point. 

B. Thermal Radiation and Inertial- Frame Dilatations of the Conformal Group 

In an inertial frame, the pattern of thermal radiation depends upon the one parameter 
of temperature T. Since the conformal transformations are symmetry transformations 
of electromagnetism, we might expect some interesting transformations when conformal 
transformations are applied to the thermal radiation spectrum. In an inertial frame, the 
dilatations of the conformal group are uniform scale transformations of length, time, and 
energy while the proper conformal transformations can be regarded as local spacetime- 
dependent scale transformations. [7,] Under dilatations of the conformal group in an inertial 
frame, thermal radiation at temperature T > is carried into thermal radiation at a new 
temperature T/cr which is a positive multiple of the old temperature and which can approach 
ever close to zero temperature as the positive constant o" — t- oo. However, once zero 
temperature is reached in an inertial frame, the process can not be reversed by use of the 
dilatations of the conformal group; one can not map zero-point radiation into non-zero 
thermal radiation by conformal-group dilatations in an inertial frame. 

This scale invariance of zero-point radiation in an inertial frame was discussed in Section 
III C, but here we wish to reiterate the invariance in connection with the closed form 
expressions for the correlation functions given in (l38l) and ( l39l) . Thus the invariance follows 
from dt/d{at) = 1/a and dx/d{crx) = l/a, where 
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, / N r, , / / /\ — 4c(crt — erf) 

< (po{cat,axjOccrt'<Po[ccrt ,ax j >= consi- 



{ax — ax'Y — c^icrt — at'Y 
I —Acit — t') 1 

Aicrx — (jx ] 
< (f)o{cat, ax)dx'4>o{cat' , ax') >= const- 



{ax — ax')"^ — c^{at — at'] 



2 



= -^^''^ \^_^>y_c2{t-t')^ ^a^ ^'^''^' x)d,,>Mct', x') > (43) 

We see again that zero-point radiation is completely invariant under the dilatations of the 
conformal group in an inertial frame. 



C. Contrasting Behavior for Thermal Radiation in Inertial and Non-Inertial 
Frames 

An inertial frame is a very special system, not only as far as geodesic coordinates are 
concerned but also as far as thermal radiation is concerned. An inertial frame has no intrinsic 
lengths or times which are associated with the spatial points of the frame. Accordingly, in 
equilibrium, the temperature, pressure, energy density, and field correlations are everywhere 
the same throughout the entire spacetime. The situation is completely different in a non- 
inertial frame, for example in a Rindler frame. In a non-inertial frame, the temperature 
at equilibrium will in general be a local function of the spatial coordinates, just as the 
local proper time at a fixed coordinate is a function of the spatial coordinates and the time 
parameter. Thus in a Rindler frame, the equilibrium temperature T is not constant but 
rather varies inversely as the distance ^ to the event horizon; the product T^ is a constant, 
and from Eq. (|1]) in a Rindler frame, the proper time interval dr at a fixed spatial coordinate 
^ is given by cdr = ds = ^drj. The contrast in behavior between inertial and non-inertial 
frames suggests the possibility that time-dilating conformal transformations may connect 
zero-point radiation continuously with thermal radiation at non-zero-temperature in a non- 
inertial frame. Associated with the coordinates in a non-inertial frame will be characteristic 
times which are related to variations in the zero-point radiation correlation function. Under 
a time-dilating conformal transformation, the spectrum of zero-point radiation will be carried 
into a new stationary distribution of random radiation which is different from zero-point 

14 



radiation. If the zero-point radiation spectrum is connected continuously with non-zero 
temperature radiation, then we expect a time-dilating conformal transformation to carry 
the zero-point spectrum into the thermal spectrum at non-zero-temperature in a non-inertial 
frame. 

D. Space-Dilating Conformal Transformations in a Rindler Frame 

The dilatations associated with conformal symmetry can be carried out easily in a Rindler 
frame in two spacetime dimensions. If we first consider the space-dilating conformal trans- 
formation of Eq. f l20|) . then we find that zero-point radiation in a Rindler frame is invariant. 

Thus from dC,' /d{a^') = l/a, we have 

4K)K')sinh(r/-r/') 



< Mv,(^09n"^o{v',(^C) >= const 



[2(^0(0^^0 cosh(r7 - r/0 - {a^' - {a^') 



'\2] 



while 



<<P,(„M)S,,.'pMM') >= const, 4|K')-(.?)cosh(,-,')l 



From the metric in Eq. @, we see that the Rindler spatial coordinate ^ is a geodesic coor- 
dinate and so the space-dilating conformal transformation leaves the zero-point correlation 
function unchanged. This invariance is consistent with the result in Eq. ( l23l) which showed 
that the space-dilating conformal transformation in a Rindler frame merely changed the 
phase of a radiation normal mode. Since zero-point radiation has random phases between 
the modes, this change in phase for each mode does not alter the correlation function for 
zero-point radiation in the Rindler frame. 

E. Time-Dilating Conformal Transformations in a Rindler Frame 

Next we consider a time-dilating conformal transformation of the zero-point radiation in 
the Rindler frame. The time-dilating conformal transformation is given in Eq. i^^. In 
this case, we find 

15 



These correlation functions ( H6ll and (HTjl found from the time-dilating conformal transfor- 
mation are not invariant but rather involve entirely new functional forms, different from the 
correlations for zero-point radiation in Eqs. ( HOj) and (HT]) . 

In order to simplify the situation, we consider the correlation functions in Eqs. fj46|) and 
( H71) at different times r] and rj' but at a single spatial point ^ = C,'- The correlation function 
f H7|) involving the spatial derivative becomes 

< M^V,nd^-M^v',^'n >?=?'= -consl^ (48) 

and is independent of the time parameter t] or rj'. The correlation function f H^ involving 
the time derivative becomes 



< (po{cn],^'')d^rj'Vo{(^v',0 >= const 



4^'^^'^sinh((T?7- aV) 



"" ^"' " ^ ' pee cosh(a77 - ar]') - ^2 _ ^<x2] 

4 sinh[cr(r7 — r/')] 8 sinh[cr(?7 — rj')/2] cosh[cr(r7 — r]')/2] 

= const -—, — ; --; = const ^- — -— -n 

2cosh[a{T]-r]')] -2 2{2smh^[a{r] - r]')/2]} 

= const X 2 coth[a {ri - ri')/2] (49) 

which is independent of the spatial point C,- Now as discussed in Section II E, we are 
interpreting the time-dilating conformal transformation as a transformation of the radiation 
field in the same coordinate frame. Thus in Eq. poj) . this correlation function obtained 
from zero-point radiation by a time-dilating conformal transformation should involve the 
correlation function < Lpct{fliC)Va{fl' iC) > ^^ times rj and rj' for thermal radiation at some 
finite non-zero temperature with temperature parameter a, corresponding to 

< ^c.{ti. OMv', >=< Mc'v, D^o(c^V, D > (50) 

in analogy with the time-dilating conformal transformation in Eq. ( !28l) . If we introduce 
the derivative with respect to t]' so as to make direct contact with Eq. (H9l) . then we have 



di^V') ^— — ■"-' ^diar^^ 
a 

^1 



- < ipo{ari,C)darj'M^v',0 > 



const^ coth[a{r] - r]')/2] = const^ coth ("^i^l-M^ (51) 
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If we now introduce the proper time r = ^rj/c at the fixed spatial point ^ in the Rindler 
frame, then the correlation function flSTj) becomes 
d , d 



= const— coth ( - ^ ^ '- \ (52) 

where r — r' is the proper time difference between the spacetime points and a/^ corresponds 
to some parameter giving the temperature of the radiation at the location ^. 



F. Thermal Radiation in an Inertial Frame Obtained as a Limit from a Rindler 
Frame 

We obtain the correlation function for thermal radiation in an inertial frame from the 
thermal radiation correlation function ( !52l) by moving the spatial point ^ ever further from 
the event horizon, ^ — ;■ oo, but keeping the temperature parameter a /^ constant by con- 
tinuously increasing a. In the limit, we obtain the time correlation function for thermal 
radiation in vanishing proper acceleration c^/^ — )■ 0, which corresponds to thermal radiation 
in an inertial frame [2 1 

d 



- < (l)a{ct,x)(l)a{ct',x) > 

2a , fa(ct-ct') . 
const— coth ( -^ — - — '- ] (53) 
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The actual radiation spectrum is obtained from the correlation function Eq. fl53|) by 
taking the inverse Fourier time transform of the correlation function expression ( 133|) . 



CXD 



< (j)^{ct, x)da4a{ct\ x)>=2 I dk ^^^[^^\ -\k\) sm[k{x - x') - \k\c{t - t% 

k^ 



— oo 



= 2 rdk^l^m) sm[|A:|c(t - t')] = const- coth ( ^ (^^ - ct') \ 

giving the energy f/r(|A;|) per normal mode of frequency u = c\k\ at some temperature T 
as^ 

f/r(|^|) = const X |A;| coth (^^ J (55) 

The temperature T can be obtained by going to the high-temperature or low-frequency limit 
where the Rayleigh- Jeans spectrum becomes valid, giving 

Urilkl) -^ const x \k\ ( ^4^ ) = const^ = knT (56) 
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Thus the spectrum of thermal radiation is given by 

Urm) = const x \k\ coth (" """f ^'^' ) (57) 

Traditionally, the spectrum of blackbody thermal radiation is given in terms of Planck's 
constant h rather than in terms of the scale factor const for classical electromagnetic zero- 
point radiation given in Eq. (!37|) . Since the connection involves 

const = -he (58) 

our equation ( l57l) corresponds to the familiar Planck spectrum with zero-point radiation, 

U(., T) = ifa coth (^) ^ \n. + ^^pi^^^^r), _ 1 (59) 

We emphasize that in the limit T — )■ 0, the spectrum U{u,T) of classical random radiation 
in Eq. (1591) does not vanish, but rather goes over to the Lorentz-invariant spectrum of clas- 
sical zero-point radiation. The Planck spectrum is connected continuously with zero-point 
radiation. Within classical physics, this continuous evolution of the spectrum of random ra- 
diation at non-zero temperature into the zero-point radiation spectrum is consistent with the 
results for Casimir forces where the forces at non-zero temperature are connected smoothly 
with the experimentally-observed forces at low temperature. 

V. DISCUSSION 

Thermal radiation is the random radiation which appears inside an isolated enclosure, and 
this radiation, like all random radiation, causes Casimir forces between conducting plates 
and dielectric surfaces, associated with the discrete nature of radiation normal modes in 
restricted volumes. At high temperatures, the random thermal radiation produces Casimir 
forces which follow from the Rayleigh- Jeans spectrum and depend only on the temperature 



T and the geometrical dimensions. 191] However at low temperatures as T — )■ 0, the Casimir 
forces do not vanish, indicating the presence of random radiation even at zero temperature. 
This radiation corresponds to classical zero-point radiation. We expect a smooth evolution 
of the thermal radiation spectrum with temperature as the temperature is lowered, fitting 
with a smooth evolution of the Casimir forces at high temperature over to the Casimir forces 
at zero temperature. Under a time-dilating conformal transformation, thermal radiation 
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is carried into itself, so that at each spatial point T -^ T' = T/a where o" is a positive 
constant. Thermal radiation is also a situation of greatest randomness and least information. 
At zero temperature, the least information means that the random radiation gives no more 
information than is contained in the structure of spacetime itself. Thus at zero temperature, 
we expect that the two-field zero-point correlation function at points P and Q involves 
only the distance along a geodesic between the spacetime points. In a noninertial static 
coordinate frame, the time parameter is separated from the spatial coordinates so that a 
time-dilating conformal transformation can carry zero-point radiation into thermal radiation 
at non-zero temperature. This general situation is quite different from that in an inertial 
frame where a time-dilating conformal transformation is the same as a uniform coordinate 
dilation, and the two-field zero-point correlation function is invariant under a conformal 
transformation. Thus in an inertial frame, information about zero-point radiation does not 
give us any information about the thermal radiation spectrum at finite non-zero temperature. 
In this article, we have considered classical random scalar radiation in a Rindler frame in two 
spacetime dimensions. We find that a time-dilating conformal transformation carries the 
zero-point radiation spectrum into the thermal radiation spectrum at a non-zero temperature 
in a Rindler frame. The thermal radiation spectrum in the Rindler frame can be carried 
back to an inertial frame, giving the Planck spectrum with zero-point radiation. Thus 
Planck's spectrum of blackbody radiation follows from zero-point radiation and the structure 
of relativistic spacetime in classical physics. 
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